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Abstract 

The  diffraction  of  a  spherical  scalar  wave  by  a  hard  or  soft  spheroid 
is  investigated  theoretically.  First  the  diffracted  field  is  determined 
by  the  geometrical  theory  of  diffraction'-  ^  .     Then  for  comparison  the 
corresponding  boundary  value  problem  is  solved  exactly  in  terms  of  a 
series  of  products  of  spheroidal  functions.  The  series  involves  the 
"  radial"  eigenfunctions  which  correspond  to  appropriate  complex 
eigenvalues.  Asymptotic  expansions  are  derived  for  these  functions  for 
large  values  of  the  variable  and  the  parameter.  When  used  in  the  series 
solution,  these  expansions  yield  the  asymptotic  form  of  the  diffracted 
field  for  incident  wavelengths  small  compared  to  the  spheroid  dimensions. 
This  result  coincides  precisely  with  that  given  by  the  geometrical  theory. 
This  agreement  provides  another  verification  of  that  theory.  The  expression 
for  the  field  is  used  to  calculate  the  back  scattering  and  the  field  on 
the  spheroid.  The  electromagnetic  back  scattering  is  finallj'- 
computed  with  the  aid  of  a  theorem  which  relates  it  tc  the  two 
scalar  results.  Errors  in  a  previous  treatment  of  this  problem  are 
also  pointed  out. 
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1,  Introduction 

A  spheroid  is  a  solid  of  revolution  generated  by  rotating  an  ellipse 
about  one  of  its  axes.  We  consider  the  problem  of  determining  the  field 
which  results  when  a  wave  is  incident  upon  a  spheroid.  The  customary 
manner  of  dealing  with  such  a  problem  involves  formulating  it  as  a 
boundary  value  problem  for  the  reduced  wave  equation.  This  problem  is 
then  solved  by  means  of  a  series  of  pi^ducts  of  spheroidal  wave  functions. 
However  this  well  known  solution  is  practically  useless  when  the 
wavelength  of  the  incident  field  is  small  compared  to  the  dimensions 
of  the  spheroid.  It  is  just  this  case  which  we  treat  here,  and  therefore 
we  must  use  a  different  procedure.  In  fact,  we  use  two  different 
procedures,  both  of  which  yield  the  desired  result. 

Our  first  result,  given  in  Section  2,  is  based  upon  the  geometrical 
theory  of  diffraction*-  -^ .  This  is  a  theory  which  describes  the  field 
scattered  by  any  object  directly  in  terms  of  geometrical  properties  of 
the  object  and  certain  coefficients  determined  from  a  few  canonical  problems. 
We  have  previously  applied  this  theory  to  diffraction  by  convex  cylinders'--' 
and  convex  solids  ^-' .  \^^heneve^  possible  we  compared  the  results  of  that 
theory  with  the  asymptotic  form  (for  wavelength  small  compared  to  object 
dimensions)  of  the  solution  of  the  corresponding  boundary  value  problem. 
In  every  case  the  agreement  was  perfect,  including  that  of  the  elliptic 
cylinder'--'.  Although  it  has  not  yet  been  proved  that  this  agreement 
will  always  occur,  we  are  convinced  that  this  is  the  case. 

As  a  consequence  of  our  work,  we  were  surprised  to  read  in  the  report 
of  R.  K.  Ritt^  -•  that  his  asymptotic  evaluation  of  the  diffracted  field 


-  2  - 


on  the  surface  of  a  spheroid  disagreed  with  our  geometric  theory.  Feeling 
certain  that  his  work  must  contain  an  error,  we  decided  to  rederire  the 
asymptotic  form  of  this  field.  Our  derivation  is  given  in  Section  3. 
The  derivation  emplojrg  certain  new  asymptotic  formulas  for  spheroidal 
functions  which  are  deduced  in  Appendix  I.  The  corresponding  formulas 
used  by  Ritt,  which  were  derived  by  N.  P.  Kazarinoff '-^■',  are  incorrect.  In 
Appendix  III  we  point  out  the  errors  in  their  derivation,  as  well  as 
some  other  mistakes  in  the  use  of  them.  Our  derivation  leads  to  an 
asymptotic  form  of  the  field  which  coincides  precisely  with  the  result 
of  the  geometric  theory  given  in  Section  2.  However,  to  recognize  the 
identity  of  the  two  results,  it  is  necessary  to  utilize  certain  addition 
formulas  for  elliptic  integrals. 

As  applications  of  our  result,  we  compute  the  field  scattered  back 
to  the  source,  and  then  find  the  back  scattering  cross-section.  We  also 
evaluate  the  field  on  the  surface  of  the  spheroid. 

All  of  our  results  pertain  to  a  prolate  spheroid.  The  incident  field 
is  produced  by  a  point  source  on  the  axis   of  revolution.  The  field 
is  a  scalar  which  satisfies  the  reduced  wave  equation  and  the  spheroid 
is  either  hard  or  soft.  In  tl:ie  case  of  back-scattering,  the  cross-section 
for  an  electromagnetic  wave  hittinf^  a  perfectly  conducting  spheroid  is 

also  given.  This  calculation  is  based  upon  a  theorem  proved  in  Appendix  II. 
It  relates  the  electromngnetic  back  scattering  for  axial  incidence  on  a  body 
of  revolution,  to  the  corresponding  scalar  resrilts  for  hard  and  soft  bodies, 

2,  Goometric  construction  of  the  diffracted  field 

Let  lis  consider  a  prolate  spheroid  in  a  homogeneous  medium,  having 
propagation  speed  c.  Suppose  that  a  point  source  of  radiation,  located 
on  the  axis  of  revolution  of  the  spheroid,  emits  a  w?ve  of  angular 
frequency  co.  Then  k  =  to/c  is  the  propagation  constant  of  the  medium  for 


-  "t  - 


siich  a  wave.  When  the  incident  spherical  wave  strikes  the  spheroid, 
reflected  and  diffracted  fields  are  produced.  The  reflected  field  u^ 
can  be  ccn3tI^lcted  by  the  method  of  geonetrical  optics,  as  described, 
for  exsmple,  in  reference  [6].  The  diffracted  field  u^  can  be  constructed 
by  means  of  the  geometrical  theory  of  diffrsction,  as  has  been  done  in 
reference  [3]  for  diffraction  by  any  smooth  convex  scattering  object. 
When  that  result  is  specialized  to  the  case  of  a  point  source  on  the 
axis  of  a  body  of  revolution  it  becomes 


(1) 
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In  (1)   P  denotes  the  point  at  which  the  field  is  evaluated.     The 
plane  contairing  P  and   the  axis  we  will  caU    the  xy  plane,     ^lien  s,   and  s^ 
denote  the  lengths  of  the  tangents  from  F  to  the  spheroid  in  this  plane 
and  P^,   Pj,  denote  the  corresponding  points  of  tangency.      (See  Figure  l) 
The  points  Q-   arri  Q^  are  the  points  of  tangency  of  the  tangents  from 
the  source  point  Q  to   the  spheroid  in  this  plane.     The  distances  from  the 
axis  to  P, ,   Pp  and  Q,   or  Qp  are  denoted  by  r, ,  r^  and  r^  respectively. 
The  total   arclength  of  the  generating  ellipse  is  denoted  by  T,  while 
t,   is  the  arclength  along  the  ellipse  from  Q,   to  P^  and  t^  is  the 
arclength  from  Q_  to  P-.     The  length  of  the  tangent  from  F,   to  the  point 
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Figure  1 

A  cross  section  of  the  ellipsoid  showing  the  source  Q  and  a  field 
point  P.   Two  rays  from  Q  are  tangent  to  the  ellipsoid  at  Q  and  Q 
where  they  produce  diffracted  surface  rays.   The  ray  from  Q  travels 
a  distance  t  along  the  ellipsoid  to  the  point  P  from  which  it  sheds 
a  diffracted  ray  which  passes  through  P.   In  addition  it  continues  to 
encircle  the  ellipsoid  and  sheds  another  ray  through  P  each  time  it 
passes  P  .   The  ray  from  Q  sheds  rays  through  P  each  time  it  passes 
through  P  .   These  rays  pass  through  the  axial  caustic  at  P  before 
reaching  P. 


t.  H 


Figure  2 

A  cross  section  of  the  ellipsoid  showing  the  points  Q  and  Q  at  which 
two  incident  rays  are  tangent  to  it.   The  Incident  field  is  a  plane 
wave  coming  from  the  right.   The  tangent  rays  produce  diffracted  rays 
which  travel  distances  t  and  t  to  a  point  P  on  the  surface. 
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P-  at  which  it  intersects  the  axis  is  denoted  by  p^,  while  p^   denotes 
the  distance  from  P^  to  pI.  The  integrals  are  with  respect  to  arclength 
f  along  the  generating  ellipse.  The  decay  coefficient  a^Ct")  is  defined 
in  terms  of  bCf),  the  radius  of  curvature  of  the  ellipse,  by 


m  01 


The  constant  q  is  defined  in  Appendix  1,  For  the  soft  spheroid, 
in 

q  =  q    while  for  the  hard  spheroid  q  E  q„'  .  When  it  becomes 
m  ~  m  m   TD 

necessary  to  distinguish  between  these  two  cases  the  coefficient  a  must 

be  given  the  same  superscript  as  q  .  The  diffraction  coefficient  D 

depends  upon  the  radius  of  curvature  at  the  point  at  which  D  is 

evaluated.  For  the  soft  spheroid  D  5  D    is  given  by 

m         m 


m  *•         m       -^ 

(2) 
For  the  hard  spheroid  D     =  D       is  given  by 

mm 

(U)     d(2)  =   „3A  2-lA  6-^/6  k-1/^2    [^(2)1/2  A(q^2))-|-1  ^in/2U  ^1/6 


The  Airy  function  A  is  defined  in  Appendix  1. 

The  result  (l)  can  be  rewritten  in  another  form  by  introducing 
prolate  spheroidal  coordinates  ?,>),C^.     These  coordinstes  a7*e  most  easily 
defined  by  relating  tYiem  to  the  Cartesian  coordinates  x,y,z.     Let  the 
axis  of  symmetry  of  the  spheroid  be  the  x  axis  and  let  the  origin  be 
at  the  center  of  the  spheroid.     Finally,  let  2h  denote  the  interfocal 
distance  of  the  generating  ellipse.      Then  the  prolate  spheroidal 
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coordinates  may  be  defined  by 

X  »  h  cosh  £,  cos  "h 

y  =  h  sinli  $  sin>i  cos  0 

z  =  h  sinh  E,  sinf)  sin  0 

The  angular  variables  >)   and  0  range  from  0  to   n  and  0  to  2ti  respectively, 
while  0  <  4  <  00.     The  spheroid  may  be  defined  by  the  equation  ^  =  a. 
The  point  source  Q  will  be  assumed  to  lis  at  7|  =  0,  f,  =  £     >  a«      The   ^ 
coordinates  of  the  points  of  tangency  Q, ,   P, ,   Q^  and  Pp  will  be  denoted 
byfi^fYj    ,  Yj     and  "hi    respectively.     Their  other  cocrdinates  are  f  =  a 
and  either  0  =  0  or  0  =  n. 

The  geometrical  quantities  in  (l)   can  be  expressed  in  tenr,s  of 
these  coordinates.      Most  of  them  have  previously  been  calculated  in 
reference    [hj   and  the  remaining  ones   can  be  easily  found.     When  these 
expressions  are  inserted  into   (l),   the  result  for    'the  field  diffracted 
by  the  soft  spheroid  becomes 

(^^         /ps         1/2  .-3/2  ,-li/3     in/12  , -1/6  .-7/6  /       ,  .   ,      sl/6 

^5;     ^A^^}  =  n  '      2     '     6     '     e  k  h  (cosh  a  sinh  a} 

(sinh  4  sinh  £     sin  W )~         (cosh     I     -cosh  a)" 

00 

/2n 

Jl  +  exp   |ikh         (cosh^a  -  cos^n)'^'^^  dy)  *  it^-'-^(kh)-'-^^(cosh  a  sinh  a)^/^ 

o 

/2tt 

(cosh^a  -    cos^l7)"-^^^d1l     \    • 
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In  (5),  t  [^^    =   6"^/5e^'^/5q^l)  and  >l  *  =  2rt-  r[^,  while  7]^*  =  T^^^  if  the  0 
coordinate  of  ?_  is  0  and  Tl  ,=  2-k  -  1]  ^   If   the  0  coordinate  of  Pp  is  it. 
We  assume  that  the  0  coordinate  of  P  is  0.   The  function  f  is  given  by 


(6) 


f     =   (cosh^a  -cosny^) 


lA 


(cosh  ?   cos'h  -cosh  a  ccsfj  ^)' 


(sinl-i  I  3in>j  -sinh  a  sinVj  ^^  ~   '     exp  ilch  tanh  C-(cosh  K^-  cosh  a) 

[?  2 1 1  /2 

(cosh  4   cosT)   -cosh  a  cos"!]-)     +   (sinti  C  sin>l   -sinh  a  sin^hp)    1 

(cosh^a-cos^)?)-'-/^dt|    +    i'?^^\kh)-'-/^(cosh  a  sinh  a)^^^ 

V 


i 


(cosh  a  -cos  )}) 


2vN-l/2 


r  1 


For  the  hard  snheroid  (5)   applies  if  we  replace  '^         by  t         and 

The  preceding  result  (l)  or  (5)   is  not  valid  on  the  surface  of 
the  spheroid  nor  on  the  axis  of  s3rTninetry  because  both  of  these  places  are 
caustics  of  the  diffracted  rays.     However,   it  can  easily  be  modified  to 
be  va].id  in  these  places  by  applying  the  appropriate  caustic  corrections. 
To  obtain  the  field  on  the  surface,  we  must  multiply  the  m         term  in 
the  first  sun  in  (1)  by  the  factor 


[3] 


(7) 


R^  =  2^V/3.-lV/63l/2,(^^^^r^3^.,„^2]  bl/3(p^)  , 


th 


mtiltiply  the  m   tenn  of  the  second  sum  in  (l)  by  R  with  s,  replaced 
by  Sj  and  P,  replaced  by  P-,  and  then  let  s,  and  s^  ->  0.  Upon  doing 
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this  and  noting  that  P,,  Pp  and  P  become  identical,  while  r,  ■  Tp  and 
P.  "  Pp>  we  find  that  (l)  becomes  on  the  surface  of  the  hard  spheroid 

(8)     u,(P)  .  e"^^    (U^,)-^2^/V/3„-VV/V-/l2(^^/^^jl/2,-l/3(p) 


z 


V^^^^Sn^ 


ir     l+exp 


-irj^(Q2)exp 


[ikT-ja^dr] 


■  V'^i^^^Hi-jv^] 


J 


For  later  use  it  is  convenient  to  specialize  (8)  to  the  case  of 

-ikx 

plane  wave  incidence.     If  the  incident  plane  wave  is  given  by  u.  =  e 

ikR^  -1 

then  the  diffracted  field  is   given  by  (8)  with  e       °(hnR^)'     replaced 

by  1.     The  points  Q,   and  Qj,  become  the  ends  of  the  minor  axis  of  the 

generating  ellipse  of  the  spheroid.     Thus,  when  we  write   (8)   in  terms 

of  spheroidal  cooixiinates  for  plane  wave  incidence,  we  obtain 


(9)     u^(P)  = 


1 


n(cosh  a) 


1/2 


(sinV))        (cosh  a  -  cos 


00     exp[G(n/2,tj))-  iexp  G(yj^,3n/2)J 
Y^    5      (x.e^[G(0,,.,)K^V<^^') 


Here  we  have  introduced  the  function  G(a,p. )  which  is  defined  by 

(10)  a(a,p)  =  ikh       (cosh^a-cos^h)"'"^^dYj+i(kh)-^^^t^^^sinh  a  cosh  a) 


2/3 


(cosh^a  -  cos^)j)"^'^^dY) 


To  calculate  the  back  scattering  cross  section  of  the  spheroid, 

-ikx 


=  e 


x^e  again  specialize   (3)   to  plane  wave   jncidence  with  u. 
We  then  apply  the  rnethod  of  reference    [3]   to  correct  u^  on  the 
axial  caustic.     VJhen  this  is  done  we  find  that  the  leading  term  in 
the  ex]}ansion  of  u,(P)   for  a   point  on  the  axis  becomes,   for  large 
values  of  X, 


(n)    u^(P)   =.ee^^*^"/3exp 


iX'(kh)'^'^(co3h  a  sinh  a) 


/3n/2 
'"A         (cosh^a.cos^^)-^/^^^ 


n^k^/^Csinh  a  cosh  ^)^^'^  h.^i'^^'''^ 


-1 


In  (11),  t=-  6         e^"^-^q.     The  values  of  5,   q  and  A   or  A  '   are  given 
below  for  the   two  cases. 


(12) 


q  =  l.h6935U 

A  »  1.16680 


for  the  hard  spheroid 


6=.  o^h'\k'r^ 

(13)    q  -  3.37213U 
A'-  -1.059053 


for  the  soft  spheroid 


The  total  back  scattered   field  u  is   the  siun  of  the  diffractod  field 
u,(P)   and  the  geometrically  reflected  field  u  (P).     To  calculate  "^^(P) 
we  use  the  methods  of  reference    [6] ,     V/e  then  obtain  for  the  leading  term 
in  u  (P)  the  result 


/-ii  \  { 'r}\        ^  h  cosh  a 

(lU)      u  (P)  =i^^^5:jj^exp 


ik(x  -  2h  cosh  a) 


Here  the  positive  sign  holds  for  the  hard  spheroid  and  the  negative  sign 
for  the  soft  spheroid.     Upon  combining  (ll)   and   (Hi),  vre  obtain 
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(15)     u(P)   =  i  llx^     exprik(x-2h  cosh  a)J 

1 oH'fr, ^ rA exp  2ikh  cosh  a  +  in/3 

/3n/2  1 

+  it(kh)-^^^(cosh  a  sinh  a)^/^  (cosh^a  -  cos^To)"-'/^dh 

i/2  ^  ^- 

J 

Here     the  plus  sign  and  (12)  hold     for  the  hard  spheroid  and  the  negative 
sign  and  (13)   hold     for  the  soft  spheroid. 

3.     Analytic  Solution 

In  terms  of  our  previously  defined  spheroidal  coordinates  the  reduced 
wave  equation  corresponding  to  a  point  source  located  at  f   "  5-»  lO  =  0   is 

(1)     u^^  +  uv,v  +  u^  coth  4  +  u*.  coth  +  (kh)^(cosh^f:  -cos^>?)u  =  ^(^^U  -^q) 
^?  U        ^  6  0  t  2nh  sinh  ?^si 


\ 


In  (1)  we  have  made  use  of  the  fact  that  u  is  independent  of  0.  The  boundary 
value  problem  to  be  solved  is  to  find  a  solution  u(5,to)  of  (l)  which  satisfies 
the  Sommerfeld  radiation  condition  at  £.  =  oo.  On  the  surface  of  the  spheroid 
u  must  satisfy  either  of  the  following  bouadary  conditions 

(2)  u(a,'^ft)  =  0  (acoustically  soft  spheroid) 
or 

(3)  u  (aj'h)  =  0  (acoustically  hard  spheroid) 

If  we  replace  the  rip;ht  hand  side  of  (l)  by  zero,  the  resulting  equation 
has  product  solutions  of  the  form    J(4)Y()9)«  The  functions  \   and  Y  satisfy 


.  2D  ' 


the  equations 

(^)      1|  +  coth  4  ~  -  (kh)^(b^-  cosh\)  J  =  0 

df  ''  ^'l  ^ 

In  (U)  and  (5)  b  is  an  arbitrary  separation  constant.  We  now  note  that 
for  certain  complex  values  b^  of  b,  (U)  has  outgoing  solutions  V^  (?), 
which  satisfy  either  of  the  conditions  V       (a)   =■  0     or    V^       (a)   =  0. 

Consequently,  we  may     tr:y   to  solve  the  boundary  value  problem  by  assuming 

that  u  has  the  form 

(6)     u(C,lj^)-  f"  VV  ^n^^^?^* 


If  we  substitute  (6)  into   (l)  and  make  use  of  the  orthogonality  of  the 

V       ,  we  find  that  W     satisfies  the  equation 
n  n 


d^W  dW 


*"  ^  *  "'^^  ^  *  "*^'""'"  '"'^"'"  '  =n    1%         • 


'I 


In  (7)  the  constant  C  has  the  value 

n 

00 


(8)  C^  -V^^^C^)(2nhJ      [v^^^?)]2sinhCde) 

& 

The  orthogonality  condition  used  in  obtaining  (?)   is 

(9)  f°°V^^^(^)V^^^(?)sinh^d?  '  ^nmj     [v^^^?)]^  sinh  ?  d^ 
•j a 

*When  it  becomes  necessary  to  distinguish  between  the  sets  of  eigenvalues 

we  will  use  b^-'-''  to  denote  eigenvalues  corresponding  to  the  boundary 

(2) 
condition  (2)  and  b    to  deixte  eigenvalues  corresponding  to  the 

n 

boundary  condition  (3). 
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This  condition  follows  frc'in  (U)  and  the  boundary  conditions  satisfied 

by  the  V        .An  evaluation  similar  to  the  one  carried  out  in  reference 
n 


[k-J   shows  that  for  the  soft  spheroid 


.00 

(10)    J      [v^l^(e)]2sinh4dC     =   [2(kh)Vl^]-lv^^^'(a)  sinha^V^l^Ca)     . 


For  the  hard  spheroid  we  obtain  instead 

fOO 


f 
(11)    J      [/^^4)]2  sinhCd^     =  -[2(kh)V2^]-V^^(a)   sinha^V^^^^'(a)     . 

a 

In  order  to  solve  (?)  we  let  W   (-n)  be  a  solution  of  the 
homogeneous  equation  obtained  from  (7)  by  setting  C  =0,  We  require 
W   (tj)  to  be  regular  at  "ft  =  0.  A  simple  calculation  then  shows  that 
W   (if?)  is  an  even  function  of  •»  and  that  W   (n-"h)  is  also  a  solution 
of  the  homogeneous  equation.  Since  i^  =  0  is  a  singular  point  of  (?) 
the  subsequent  analysis  will  be  simplified  by  shifting  the  delta  function 
to   t)  ^yi     and,  finally,  letting!)  ->  0.  Then  the  conditions  determining 
W  (yi)  are  that  it  be  regular  at  TO  =  0  and  T?  =  n,  that  it  be  continuous 
across  ^  -  ^     and  that  W  (■»)  have  a  jump  of  magnitude  C  (sin  1^-)~  across 
In  =  "n  .  By  applying  these  conditions  we  find  that  W  (l^)  is  given  by 

(,2)   VV=-^n[^^"^o  V?o^3-Vl^-^o^^n'^("-V  *     %  H  ^     "" 


Here  cjd  (fl)  is  defined  by 

(1':!)  cn^iV)     -  '/^^T,-1j)W^^^'(|)  +  W^^^IO)  W^l^'  (n-^) 
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We  note  that    "^     is  the  Wronskian  of  two  linearly  independent  solutions 
of  the  homogeneous  equation.     Therefore,  a  simple  calculation  shows   that 
it  has  the  value 

Upon  using  (D4)  in  (12)  and  letting  10   ->  0  we  obtain 

(15)  W^(^)     =  -G^   [2'^^^^n/2)  W^^^'(t,/2)]-^  W^^^O)  W^l)(n-Yi) 


We 


can  obtain  another  expression  for  W  (T))  by  using  (I3)  directly 


in  (12).     Upon  doing  this  and  using  the  fact  that  W         (w)  has  a 
logarithmic  singularity  at  >1  -  n     ,  we  obtain 

(16)         W^(7^)   .  -C  J  1^^  «i">Jo  ^i^^'("  -|oT*  W^l)(n  -^ 

d 

In  Appendix  I,  equation  (I8),  we  have  evaluated  the  limit  appearing  in  (16), 

We  use  this  result,  together  with  (16),  (lO)  and  (8)  in  (6).  Then,  in  the 

case  of  the  soft  spheroid,  (6)  becomes 

'     ^^"^il   cos[kJ(b^cosy/^d^]v(^)'(a)|,v(^\a; 
For  the  case  of  the  hard  spheroid  (1?)  still  applies  if  the  right  side  is 


See  Appendix  I 
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multiplied  by  -1  and  if  V       (a)  and  V         (a)  are  interchanged. 

We  shall  now  obtain  the  asjTnptotic  form  of  u  for  large  values  of 
kh  by  using  the  asymptotic  expansions  of  the  spheroidal  functions 
given  in  Appendix  I.     We  find,   in  the  case  of  the  soft  spheroid,  that   (l?) 
has  the  asymptotic  form 

(18)     u(C,y)-  -Ttl/^2-3/26-^/3ei"/lVl/^h-^/^sinh  K  sinh  ?^  sin  yQ'"^^ 
(cosh  a  sinh  a)       (cosh  C    -cosh  a)~       (cosh  4  -cosh  a)"       (ccsh  a  -  cos  h)~ 

<^   L        "      J  L  °J  l  +  exp[2iG(n)] 


n«=l 


In  (18)  we  have  introduced  F(£;)  and  0(1))  which  are  defined  by 

fcosh^^  -  cosh^a)-*-/^  -  ±i]!iW?-'\ 


(19)  F(4)  =  kh 


(cosh^C  -  cosh^a)-"-/^  -  i(kh)^/V!'^^sinha  cosh  a)  ^^^ 


(cosh  C  -  cosh  a)"  '  dC 


(20)  G(in)  =  kh 


y  =  kh 


1 


(cosh^a-cos^t^^-^^^^^Z  "^  i(kh)•'■/3^^■'•\sinhacosha)^^3 


,   .2     2v,x-l/2,^, 
Ccosh  a  -  cos  y;    ^n 


In  the  case  of  the  hard  spheroid  (18)-  (20 )  apply  iff.   is  replaced 


(1)   .. 


n 


byt'^^)   ^  [A'(q^^^)]-2  is  replaced  by  3[qi,^'A2(q^2))j.l   ^ 

It  is  a  simple  matter  to  shov;  that  the  resxilt  for  u  given  in  (5) 
of  section  2,  obtained  by  the  geometric  theory  of  diffraction,  agraes 
precisely  with  (18)  obtained  by  asjonptoticaUy  expanding  the  exact  solution. 
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The  necessary  calculations  are  contained  in  reference   [),]  .     The  identity 
of  the  amplitudes   follow  from  equation  (I-l)  of  reference,    [u]  ,  while   the 
identity  of  the  phases  follows  from  (^),    (55),    (56)  and   (5?)  of  that 
paper. 

Let  us   now  calculate  the  diffracted  field  at  a  point  P(a,)9)  on  the 

-ikx 
surface  of  a  hai-d  spheroid  due  to  an  incident  plane  wave  e         .     To  do 

this,  we  write   (1?)   for  a  hard  spheroid,   set  .^  =  a,  multiply  by  Lnh  cosh  £ 

ej^l-ikh  cosh  £       and  let  C     ->oo   to  obtain 


11/6.11/6  l/2^iTT/l2     00       b  W;-'-'(tt-\,)  expFikh  f(b„)] 

(21)     u(a,-w)~ V  

i  sinh  a  / 


^       C0s[._|"(^^CC3y/^.p(v(^'•(,)) 


Here 


(22)     f(b  )  -  lim 

^       ^o->oc\^      .-L 
°  ^  cosh     D 


(cosh^C  -h'^)'^^^dK  -cosh  ? 


n  ^  "o, 

n 


Using  the  methods  of  Appendix  I  we  find 
(23)   ^   v^l^'(a)   ^  .,-l(kh)'^/V/2(3inh  a)-^cosh  a)^^V2i"\Mq^) 


The  evaluation  of  f(b   )  has  been  carried  out  in  a  slightly  different 


r5i 

notation  by  Ritt*^-*   and  yields  the  result 

/n/2 
(2U)     f  (b^)  =  -  J        (b^  -  cosS)^/2d^       . 


Using  (23)  and  (2U)  in  (21),  together  with  the  asymptotic  expansion  of 
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W         contained  in  Appendix  I,  we  obtain 


(25)         u(a  r,)  ~  (c°sha)^/gn  ^    ^iG(i;)       2iG(.)  -  IG(^) 


Here  G(J|^)   is  defined  by  (20),     This  result   (25)   is  identical  with  equation 
(?)  of  section  2,   obtained  by  the  geometric  theory. 

U.  Conclusion  and  electromagTietic  back  scattering. 

We  have  determined  the  scalrir  field  diffracted  by  a  hard  or  soft 
spheroid  of  dimensions   large  compared  tc  the  incident  wavelength.     This 
field  is   given  by  (1)  or  {$)   at  jjoints  off  the  spheroid  surface  and 
off  the  axis.     On  the  spheroid  surface  it  is  given  by  (6)  for  the  hard 
spheroid  and  by  (?)  if  the  incident  field  is  a  plane  vjave.     The  brck 
scattered  field  on  the   axis  is  given  by  (12)   for  an  incident  plane  wave. 
Al]   these  results  have  beeri  derived  by  using  the  geometric  theory  of 
diffraction  and,  independently,  by  as^Tnptotically  exj^ending  the  solution 
of  the  appropriate  boundary  value  problem.     They  are  in  a  fo nn  which 
is  suitable  for  numerical  evalvation. 

As  an  application  of  our  results  vje  shall  now  calculate  the  back 
scattered  field  from  a  perfectly  conducting  spheroid  when  a  plane 
electromagnetic  i^rave  is  incident  along  the  axis.     To  do  this  >re  could  apply 
the  geometric  theory  of  diffraction  directly.     However,   it   is  simpler  to 
utilize  our  previous  results  by  means  of  the  theorem  proved  in  Appendix 
II.     According  to  that  theorem 

Here  E  is  the  back  scattered  electromagnetic  field  due  to  the  incident 
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field.  E.e    .   The  scalar  back  scattered  fields  are  u„  and  u„  for 
1  S      H 

the  soft  and  hard  spheroids  respectively,  with  the  field  e     incident 

Upon  using  (15)  of  Section  2  for  u„  and  U-^,  (l)  yields 

0       n 


(2)    E  = 


1  hcosh  a 

2    sinh  a 


exp 


ik(x-2h  cosh  a) 


1  _  :t^(kh)^^^(sinh  a)^^^ 
6^/5(cosh  a)^/^ 


X  exp[2ikh  cosh  a  +  iit/j^]   (  '^'^k''^   exp  it  ^(kh)"^/^  (cosh  a  sinh  a)^/^ 


3n/2 


X 


(cosh  a  -  cos  "^l )   '   d1| 


V2 


-1  A-2 
+  q^  A      exp 


itg^kh) 


1/3 


5«/2  \ 

X  (cosh  a  sinh  a)^/^   j     (cosh^a  -  co^\)~^''^  ^\       1 


I 

Here  A  and  q^  are  given  by  (12)  of  Section  2,  while  A  and  q  are  given  by 
(15)  of  that  section.   The  last  term  in  the  brace  can  usually  be  neglected. 
From  (2),  the  electromagnetic  back  scattering  cross  section  can  be  computed. 
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Appendix  I.   Asymptotic  expansions  of  the  spheroidal  functions 

In  this  appendix  we  study  the  asymptotic  expe-nsions  as  kh  ^  co  of  the 
various  solutions  of  equations  (k)    and  (5)  in  Section  5«   It  vlll  be  con- 
veiiient  to  denote  kh  by  k.   To  analyze  equation  (k)    of  Section  5>  "we  set 

(1)  $  (I)  =  (sinh  |)-l/2  p  (^)   ^ 

Then  we  find  that  [^  satisfies  the  equation 

__  nop  o  i-Oio  ?         . , 

(2)  P     -  k-(o^   -   cosh^l    1-  2  \  ^-^  ^  "^  coth^l)    r  =  0      • 

Since  ^  >  a  >  0,  we  may  apply  the  methods  of  F.W.J.  Olver'-  -^  to  obtain 
unlfoi^n  asymptotic  expansions  of  ["""  (| ) .   Ths  calculation  is  similar  to  the 
one  carried  out  in  reference  [^j  .   It  yields  in  i".he  present  case  for  the 
outgoing  solution^  V^   (0^  of  eq-uatloi  (1)  of  Section  5' 

/z^  ^^(l)'E^      >-lA^-'l-/3   -1   /^,2  ^2,v-lA/   ,    ,    .x-l/2„/^l/3   -irt/3- 2/5^^ 

(3)  V^      U)'-'b        5       rt        (li   -cosh  I)      '    (sinh  fj )      ^    At  3  '  ^e        ' -^K  '  ^^y 

In   (3)   'o   is   defi.nf^d  by 

2     5/2/^  2  2     "^/'^ 

(k)  —  ^  =1  (0     -   cosh  x)        dx    . 

GOSh'nD 

The  Airy  function  A(t)    is   defined  by 

00 

(5)  A(t)    =  J      cos(z5-tz)d7.      . 
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In  the  case  when  f  >  cosh  d  we  can  expand  the  Airy  f\iactlons  ia  (3)  to 
obtain 


(6) 


lA 


V 


(|)~'e  'Ts  '  2  jt  '  (cosh  ^-b  )    (sinh  s)   ' 


><  exp 


Ik  I       (' 


2   2  ^'^2 
cosh  ^-b  )   d| 


cosh  b 


The  calciilation  of  the  eigenvalues^  b  ,    is  exactly  the  same  as  in 


reference  \k\   a-ud  yields 


(7) 


b     ^   cosh  a  +  TX^'^^Ulnl-i  af^^icosh  a)"^/^ 


n 


Here   t^   is   defined  by 
(3) 


n  ^.1 


In  (7)  and  (8)  b  ,  'Z'    and  q  are  to  have  superscripts  1  for  the  soft 
spheroid  and  supercripts  2  for  the  hard  spheroid  vhere  q  ^   is  defined 
^y  HlJ"      )=  0   and  q^^  is  defined  by  A'(q^^^^)=  0. 

To  obtain  the  asymptotic  expansion  of  W^   (w)  we  must  proceed  in  a 
manner  different  from  that  which  we  followed  in  the  case  of  the  correspond- 
ing elliptic  cylinder  function.   This  is  due  to  the  singularities  of  equation 
(5)  of  Section  3  at  )|^  =  0  and  >^  =  «.  Accordingly,  we  apply  a  boundary  layer 
type  of  analysis  to  obtain  the  asymptotic  expansion.  However,  we  do  not  find 
it  necessary  to  introduce  a  stretched  independent  variable  because  we  consi- 
der only  the  leading  term  in  the  expansion.   The  use  of  such  a  variable  would 
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permit  us  to  obtain  further  terms.   In  the  neighborhood  of  >?=  0,  equation 
(5)  of  Section  3  becomes 


(9) 


\|f  "    +  ^  \|f'    +  p^i|f  =  0        , 


vhere 


(10) 


p     =  k   (b      -   1) 


Thus  the  solution  regular  at  7j^  =  0  is  proportional  to  J  (pT]) .  We  may 
normalize  it  to  have  the  value  1  at  TJ_  =  0.   Then 


(11) 


\|r  -^  J  (pi^)    for   TJ_  «  1 


Similarly,  in  the  neighborhood  of  ^  =  it,  equation  (5)  of  Section  5  has  the 
form  (9)  wlthH^  replaced  by  «  ~  \'      Hence,  we  may  conclude  that 


(12) 


\^~A  JQ(p(rt-1|_))  +  B  N^(p(rt-r|_))    for   rt  ->!.«  1 


In  (12)  A  and  B  are  as  yet  undetermined.  Avay  from  T)  =  0  and  \]_  =  -k,   we 
may  apply  standard  W.K.B.  arguments  to  obtain 


C  cos 


(13)    ^ 


k   (b  -cos  11)   dr^ 

i_  o 


[     (^    2  2     ^/2  ' 

+  D  sin  k   (b  -cos  T[)   dt| 


(sinYl.)-^/2(b2  -  cos^T^) 


17^ 
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The  constaxits  A,B,C  and  D   are  obtained  by  matching  (ll)  and  (l2)  to  (13) 

in  their  respective  common  regions  of  validity.   To  obtain  C  and  D  ve  set 

-1/2 
h  =  ek    .   Then  the  argument  of  J  in  (ll)  is  large  as  k  ->  en  and  we  may 

expand  J  asymptotically  for  large  argument.   Upon  doing  this  and  requiring 

that  the  resulting  expression  be  identical  with  (13)  we  obtain 


(1^) 


C  =  D  =  (jtk) 


■l/£ 


-1/2 


To  obtain  A  and  B  we  set  T)  =  «  -  ek  "^'^.   Then  upon  expanding  (l2)  asymptoti- 
cally and  comparing  with  (.I3)  we  obtain 


r       Jt 


(15) 


and 


(16) 


A  =   sin 


(2  2^/2" 

k  I    (b     -   cos  J^)        d)J_ 


•-     o 


B  =   -   cos 


r  r%     2  ^/2  ■■ 

k       (b     -   cos  n)        dtj^ 

-      'n 


Using  (1^)  in  (I5)  we  obtain  the  following  result,  which  is  valid  except 
in  the  neighborhoods  of  Y[  =  0  and  "B  =  it 


(IT) 


t(Y[)'«-' (2/jtksln"||)-^/^(b^-cos^)|^)    cos 


^  r  o    p  1/2 

k  I  (b  -cos'Tj)   dy(-  ttA 


A  simple  calculation,  using  (l2)  and  (16),  shows  that 


-1 


(18)  lim       sin"l7  ^^(J^:-^^)    =  2ir~   cos 


k  J    (b  -cosn^)        dT^ 


We 


note  that  for  b  =  b   ,    \lf(Yl)    =  W  ^''"^Y^) 
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In  order  to  expand  equation  (iT)  of  Section  5  asymptotically,  we 
late  the  expansions  contained  in  this  Append 
When  (7)  is  substituted  into  (l7),  ve  find  that 


evaluate  the  expansions  contained  in  this  Appendix  at  the  eigenvalues  h  . 


lA 


(19)    W  ^-^'{^1)^   (2/jtksinT(_)  '  (cosh  a-cosn|)    cos  k  I   (cosh  a-cosn|)   dT(_ 

'-  o 


1/2 


-n 


-1/2 


l/.  2/3  p     2     2.  -^/2 

+  k    C  (slnh  a  cosh  a)    J  (cosh  a-cos  rl)    d.X\-Ti/k 


Similarly,  the  substitution  of  (7)  into  (6)  yields 


-1/^ 


f^^.  ,,   {-L)f,s  irt/12, -1/6^-1   -1/2,        ^2,  P    .'   '    f    ,    ,     ,N-l/2 

(20)  V   ^    '(^)-^'e      '      K      '    2     rt      '     (cosh   ^-cosh  a)  (sinh   |)      ' 


r     J 


exp 


/^  -1  /p 

ik  I   (cosh  l-cosh  a)   d^  -  ik    t  (sinh  a  cosh  a)  ' 


^~      a 


2      o     -1/2 
(cosh  |-cosh  a)    d^ 


Finally,  ve  shall  obtain  the  expansion  of 


V„^^^(a)  J  V  (1)( 


^  ^^ 
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To  do  so,  ve  note  that  (j)  may  "be  differentiated  vith  respect  to  both  ^  and 
b  to  yield  the  results 

(22)    V  ^l)(a)  ~  ^-\    l/S^/5(2r  )-^/V/6(sinh  a)-2/5(cosh  s.)^^^e-'^/^ 


(25)    ^  V^^^)(a)^«-V''V/'(2r  )-^/V/^(slnh  a)-2/3(eosh  a)^/^ 


-irt/j. ,/   s   n 


Here  ^   is  the  value  of  ^  at  ^  =  a,  b  =  b  .   Upon  differentiating  (h) ^   ve 
find 


(2M    |b  _  .  ^^-l/2(2r  )l/Vl/5(sinh  a)l/5(cosh  a)-^/^   . 


We  also  make  use  of  the  following  identities 

(25)     2-l/\2/5^    ^   -^    ^ 
n       n   ' 


(26)      n       n      n 


n 
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From  (25)   and  (?),   -we  find  tliat 


(27)  ^^2^/5(3^^^  a)"^/^(cosh  a)^/5 


Upon  making  use  of  (2?),  (22)  and  (25),  ve  obtain  the  desired  asymptotic 
expansion 

(.8,  /v  (^)-(.)  ^ .  (^)(a,y ~  «^  =-"'' '"''  ^"'' '--  ^'-^'^ ^"'^ 


n 


(slnh  a)5/5  [A'(q^)] 


-2 


Appendix  II .    A  theorem  on  back  scattering 

Let  E  be  the  electromagnetic  field  scattered  back  from  a  perfectly 

*   -ikz 
conducting  body  of  revolution.   The  incident  field  E.e     is  assumed  to 

be  a  plane  wave  incident  along  the  z-axis^  which  is  the  symmetry  axis  of 

-♦ 
the  body.   We  shall  show  that  E  can  be  expressed  simply  in  terms  of  Ug 

and  u^,  the  scalar  fields  scattered  back  from  the  same  body  with  the  soft 

and  hard  boundary  conditions  respectively.   In  these  cases  the  incident 

field  is  the  plane  wave  e    .   The  result  which  we  shall  deduce  is  the 

Back  scattering  theorem 

(1)  E=|  (Ug-u^)E.   . 

Our  proof  of  this  relation  is  based  upon  the  geometrical  theory  of  diffraction. 
Therefore  its  range  of  validity  is  the  same  as  that  of  this  theory. 

Let  us  first  consider  the  field  on  the  reflected  ray.   In  both  scalar 
cases  and  in  the  electromagnetic  case  this  field  is  a  product  of  four 
factors .   They  are  the  value  of  the  incident  field  at  the  point  of  reflection, 
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a  reflection  coefficient^  a  geometrical  or  amplitude  factor  and  a  phase 
factor .   The  latter  two  factors  are  the  same  in  all  three  cases .   The 
reflection  coefficient  is  -1  in  the  soft  case^  +1  in  the  hard  case  and 
-1  in  the  electromagnetic  case.   The  value  of  this  last  coefficient 
depends  upon  the  fact  that  the  incident  field  is  tangential  to  the 
surface  at  the  point  of  reflection  because  the  incident  ray  is  normal 
there.  From  the  preceding  statement  and  the  relation  -1  =  —  [j-l-(+lQ, 
we  see  that  (l)  holds  for  the  reflected  field. 

To  prove  that  (l)  also  holds  for  the  diffracted  field,  we  first 
treat  the  case  of  a  smooth  body.   According  to  reference  [5],  the 
diffracted  field  E,  at  any  point  P  off  the  axis  of  the  body  is  given  by 


2 


(2)       E^(P)  =  ^    (Ei'd^o^  "^2  ""j^^^  ^  ^\'^lo^^:>  "^j^^^ 

I 

The  unit  vectors  d^  and  d^  are  normal  to  the  body  at  the  points  where 
the  j-th  diffracted  ray  through  P  is  initiated,  and  where  it  leaves  the 
surface,  respectively.   The  unit  vectors  d^  and  d^  are  tangent  to  the 
body  and  normal  to  the  surface  ray  at  these  same  points .   The  scalar 
functions  v  and  v  are  constructed  according  to  the  geometric  theory 
of  diffraction  with  the  constants  appropriate  to  a  hard  body,  while 
u  and  u  contain  those  for  a  soft  body. 

As  the  point  P  recedes  from  the  body  in  a  direction  parallel  to  the 
axis,  the  points  at  which  the  rays  through  P  leaves  the  body  tend  to 
limiting  positions .   The  points  of  initiation  of  these  rays  also  tend  to 
limiting  positions.   All  these  limiting  positions  lie  on  that  cross 
section  of  the  body  which  is  normal  to  the  axis  and  which  has  the  largest 
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radius.   Let  us  call  the  plane  of  this  section  the  xy  plane.   It  is 
shown  in  Figure  3 •   We  have  chosen  the  y  axis  to  be  parallel  to  E  . 
The  angle  between  the  xz  plane  and  the  plane  which  contains  P  and  the 
symmetry  axis  we  denote  by  ()).   Then  the  limiting  positions  of  the  vectors 
in  (2)  are 

(3)  d^Q  =  -  ^20  "  "^2  =  ^2  =  ^'^°^^^  ^^'^'^'    °^ 

(k)  d^Q  =  -  12^  =  d^  =  -d2  =  (-s±n(\>,    cos(}),  0)  . 

When  (3)  and  {h)   are  inserted  into  (2),  it  becomes 

(5)  E^(P)  =  -(Ei-^2o)^2o(V^2)  ^  ^\ -^50)^30  ^V-2) 

•  ( ^i+^2"^^1^^2  ^  ^  ^^^'^'  iii+^2"^l~  ""2"*"^  ^l'^^2^^l'^'''2 )  cos2((),  0 


E   r 

1 


As  P  tends  to  the  axis  of  revolution,  the  expression  for  E(P)  on  the  right 
side  of  (5)  becomes  infinite.   This  is  because  the  axis  is  a  caustic  of  the 
diffracted  rays.   In  reference  [8]  there  is  a  method  for  modifying  fields 
which  become  infinite  on  an  axial  caustic.   It  applies  to  scalar  wave  functions 
which  are  proportional  to  sin  n({)  or  cos  n(j).   Therefore  it  can  be  applied  to 
each  component  of  (5)^  provided  the  y-component  is  separated  into  a  term 
proportional  to  cos  2({)  and  another  independent  of  (j).   To  apply  the  method 
a  term  in  sin  n(j)  or  cos  n(j)  is  first  multiplied  by  the  factor 

(6)      C^  =  •|(2nkpcos6)'^''^sec[kpcos5-(n+|)jr/2]j  (^"^osS)  . 

In  (6)  p  is  the  distance  of  P  from  the  axis  and  :t/2  -  5  is  the  angle 
which  the  rays  make  with  the  axis .   The  correct  finite  value  of  the 

field  on  the  axis  is  obtained  by  letting  p  tend  to  zero  after  multiplication 

1/2 
by  C  .   The  result  is  finite  because  the  factor  (pcosS)  '   in  C  cancels 
n  n 
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Figure  3 


A  cross  section  of  the  ellipsoid  through  its  center  normal  to  its  axis 
of  revolution.   An  incident  ray  tangent  to  the  surface  at  A  travels 
half  way  iiround  the  ellipsoid  to  B,  from  which  point  it  sheds  a  ray 
which  returns  to  the  source.   The  vectors  d   and  d   are  respectively 

normal  and  tangential  to  tlie  surface  at  A,  and  both  are  normal  to  the 

2       2 
incideut  ray.   The  vectors  d   and  d   are  associated  with  the  ray 

incident  at  B,  which  sheds  a  ray  back  to  the  source  after  travelling 

around  to  A.   This  figure  is  relevant  when  the  source  is  far  from  the 

ellipsoid. 
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the  singular  factors  in  u^,u^,v  and  v  .   It  follows  that  on  the  axis 
the  terms  with  n  7^  0  vanish  because  J  (O)  =0  for  n  7^  0.   Thus  only 
the  terms  with  n  =  0  in  (5)  remain  when  P  is  on  the  axis^  and  (5)  then 
yields 


(7) 


E 
E,(P)  =  f 


0,    lim  C^Cu^+Ug-v^-Vg),  0 
p— >0 


E. 
1 


0,  u 


(3-    rs 


=         -(Ug     -     Ujj)     E. 


The  final  form  of  (7)  is  the  desired  result  (l)  for  the  diffracted  field. 
In  obtaining  it  we  made  use  of  the  fact  that  u^^^  and  u^.,  the  back  scattered 
diffracted  fields  for  soft  and  hard  bodies,  are  given  by 


(8) 


d 


lim   C  (u^+u^) 

p— >0 


(9) 


^H  = 


lim   Cjv^+v^) 

p— >0 


The  same  result  (7)  holds  when  the  body  has  an  edge.   The  proof 
is  similar  to  that  given  above  so  we  shall  just  sketch  it.   For  simplicity 
we  shall  confine  ourselves  to  the  case  of  a  circular  disk.   If  Figure  3  now 
represents  the  disk,  then  the  field  at  P  is  again  given  by  (5)-   Of  course 
the  functions  u, ,u  , v  and  v  are  now  those  appropriate  to  scalar  diffraction 
by  a  disk.   The  negative  sign  in  the  first  term  on  the  right  in  (5)  arises 
because  the  back  scattered  ray  trave]^  in  the  direction  opposite  that  of 
the  incident  ray.   Since  v  and  v  describe  the  diffraction  of  the  tangential 
component  of  magnetic  field  H,  the  opposite  relations  between  E  and  H  on 
the  two  rays  introduce  the  negative  sign.  From  (5)  we  obtain  (7)  as  before, 
and  thus  (l)  is  proved. 
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We  may  also  prove  (7)  for  a  body  with  an  edge  like  that  of  a  wedge ;,  at 
which  the  two  tangent  planes  meet  at  a  non-zero  angle.   For  that  purpose  the 
wedge  diffraction  coefficients  given  in  equation  (AlO)  of  reference  [8]  must 
■be  used.   The  right  side  of  that  equation  is  missing  a  factor  -  —  sin  —  due 
to  a  typographical  error.   Also  in  reference  [8jj  the  second  columns  of  the 
diffraction  matrices  in  equations  (A12)  and  (A13)  must  be  multiplied  by  -1. 
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Appendix  III 
Errors  in  a  previous  analysis 

In  reference  [5]  R.  K.  Ritt  determined  the  asymptotic  expansion  of 

the  field  on  the  surface  of  a  hard  spheroid.  He  concluded  that  the 

_o/3 

attenuation  of  the  diffracted  wave  is  proportional  to  R  '~'    f  ,     Here 

^  is  arclength  along  the   spheroid  fron  the  shadow  boundarj''  and  R  is 
the  radius  of  curvature  at  the  tip.     We  have  seen,   however,   that  the 
attenuation  is  actually  proportional  to  the  integral  of  a    .     Therefore 
it  is  proportional  to  the  integral  of  b  "'     from  the  shadow  boundary'' 
to  the  point  of  observetion  along  the  diffracted  ray.     Here  b  is  the 
local  radius  of  curvature  of  the  generating  ellipse.     We  have  traced 
the  reason  for  Ritt's  erroneous  conclusion  to  errors  in  the  as:^Tnptotic 
expansions  which  he  employs  for  the  spheroidal  functions.     These 
expansions  are  derived  in  the  appendix  to   reference    [5j  by  N,  D. 
Kazarinoff, 

In  that  appendix  (^.25)  is  obtained  from  (A.2U)  by  setting 
X  =  -5     and  expressing  y  in  terms  of  p  by  means  of   (A.] 7).     It  is 
asserted   that  the  function  denoted  by  E(x,p)   in  (A.?5)  is   a  bounded 
function  of  p.     But  we  find  from  (A.l?)  that  y  =  p(x^  - 1)""*^'*^  +  0(p-'-^). 
From  this   it  follows  that  the  function  denoted  by  B(x,p)   is  not 
bounded,     ConsequentDy  the  subsequent  analysis  of  that  appendix  and 
the  resulting  as37mptotic  expansions  are  not  correct.     However,   if  the 
p  dependence  of  B(x,p)  were  taken  into  account  and  the  subsequent 
analysis  modified  accordingly,   results  in  agreement  with  ours  would 
be  obtained. 
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When  the  ellipsoid  is  specialized  to  be  a  sphere  there  is  no 


ii^ 


difference  between  P'^'-^t'and    I  b     '"df  since  then  b  =  R.      Therefore 

0 

it  might  be  expected  that  the  solution  given  by  Ritt  vrould  reduce 

correctly  to  that  for  a  sphere.     Our  solution  does  reduce  to   that  given 

by  VJ.  Franz         for  the  sphere  if  vre  let  h  ->0     and  a  ->oo  in  such  a 

way  that  en  ->  radius  of  the  sphere,     V7e  must  specialise  Franz's 

solution  to  plane  wave  incidence  and  an  observation  poirt  on  the 

surface.     However,  Ritt's  result  does  not   reduce  to  that  for  the 

sphere  as  we  see  by  examining  a  tjrpical  term  in  has   result,   given  by 

(6.27).     The  reason  for  this  discrepancy  we  have   traced  to  the 

incorrect  evaluation  of  ?y'/SX  carried  out  on  page  39  of  reference    [5]. 

We  see   that  dy^ /a\  does  not   have  the  form  indicated   in  (A20)   since 

the  bracketed  term  in  this  equation  vanishes.     This   folDovis  from 

the  fact  that  the  vanishing  of  the  bracketed  term  defines  the 

eigenvalue.     The  correct  evaluation  is  obtained  by  differentiating  the 

bracketed  term,  which  yields  a   result  analogous  to  ours. 
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Attn:  E.T.  Allen,  Llbrar\'  Supervisor 

Bjorksten  Research  Labs,  Inc. 

P.  0.  Box  265 

Madison,  Wisconsin 

Attn:  Mrs.  Fern  B. .Korsgard 


Convair,  A  Division  of  General  Dynamics 

Corp. 
Fort  Worth,  Texas 

Attn:   K.Q.  Broun,  Division  Research 
Librarian 

Convair,  A  Division  of  General  Dynamics 

Corp. 
San  Diego  12,  California 
Attn:  Mrs.  Dora  B.  Burke, 

Engineering  Librarian 

Cornell  Aeronautical  Laboratory,  Inc. 
Ui55  Genesee  Street 
Buffalo  21,  New  York 
Attn:  Librarian 

Dalmo  Victor  Company 
A  Division  of  Textron,  Inc. 
1515  Industrial  Way 
Belmont,  California 
Attn:  Mary  Ellen  Addems, 
Technical  Librarian 

Dome  and  Margolin,  Inc. 
29  New  York  Avenue 
Westbury,  Long  Island,  N.  T. 

Douglas  Aircraft  Company,  Inc. 

P.O.  Box  200 

Long  Beach  1,  California 

Attn:  Engineering  Library  (C-250) 

Douglas  Aircraft  Co.,  Inc. 
P27  Lapham  Street 
El  Segundo,  California 
Attn:  Engineering  Library 

Douglas  Aircraft  Company,  Inc. 
3000  Ocean  Park  Boulevard 
Santa  Monica,  California 
Attn:  P.T.  Cline 

Eq.  Sec.  Reference  Files, 

Eq.  Eng.  A250 

Douglas  Aircraft  Company,  Inc. 
2noo  i^orth  Memorial  Drive 
Tulsa,  Oklahoma 
Attn:  Engineering  Library,  D-250 

Electronics  Communication,  Inc. 
1830  York  Road 
Timonium,  Maryland 

Emerson  and  Cuming,  Inc. 
869  Washington  Street 
Canton,  Mass. 
Attn:  Mr.  W.  Cuming 

Emerson  Electric  Mfg.  Co. 

8100  West  Florissant  Avenue 

St.  Louis  21,  Missouri 

Attn:  Mr.  E.R.  Breslin,  Librarian 

Sylvania  Elec.  Prod.  Inc. 
Electronic  Defense  Laboratory 
P.O.  Box  205  -  (Unci) 
Mountain  View,  California 
Attn;  Library 

Falrchild  Aircraft  Division 
Falrchlld  Eng.  and  Airplane  Corp. 
Hagerstown,  Maryland 
Attn:  Library 

Farnsworth  Electronics  Company 
3700  East  Pontlac  Street 
Fort  Wayne  1,  Indiana 
Attn:  Technical  Library 

Federal  Telecommunication  Labs. 
^00   Washington  Avenue 
Nut ley  10,  New  Jersey 
Attn:  Technical  Library 

The  Gabriel  Electronics 
Division  of  the  Gabriel  Company 
135  Crescent  Road 
Needham  Heights  9b,  Mass. 
Attn:  Mr.  Steven  Galagan 


General  Electric  Advanced  ElectroiU.cs  Center 
Cornell  University 
Ithaca,  New  York 
Attn:   J.  B.  Travis 

General  Electric  Company 

Electronics  Park 

Syracuse,  New  York 

Attn:  Documents  Library,  B.  Fletcher 

Building  3-lli3A 

General  Precision  Laboratory,  Inc. 

63  Bedford  Road 

Pleasantvllle,  New  York 

Attn;  Mrs.  Mary  G.  Herbst,  Librarian 

Goodvear  Aircraft  Corp. 

1210  Massillon  Road 

Akron  15,  Ohio 

Attn:  Library  D/120  Plant  A 

Granger  Associates 

Electronic  Systems 

966  Commercial  Street 

Palo  Alto,  California 

Attn:  John  V.  N.  Granger,  President 

Grumman  Aircraft  Engineering  Corporation 
Bethpage,  Long  Island,  N.  Y. 
Attn:  Mrs.  A.  M.  Gray,  Librarian 

Engineering  Library,  Plant  No.  5 

The  Hallicrafters  Company 

UUOl  West  5th  Avenue 

Chicago  2U,  Illinois 

Attn:  La Verne  LaGioia,  Librarian 

Hoffman  Laboratories,  Inc. 
3761  South  Hill  Street 
Los  Angeles  7,  California 
Attn:  Engineering  Library 

Hughes  Aircraft  Company 
Antenna  Department 
Microwave  Laboratory 
Building  12,  Room  2617 
Culver  City,  California 
Attn:  M.  D.  Adcock 

Hughes  Aircraft  Company 
Florence  and  Teale  Streets 
Culver  City,  California 

Attn:  Dr.  L.C.  Van  Atta,  Associate  Director 
Research  Labs. 

Hyoon  Eastern,  Inc. 
75  Cambridge  Parkway 
Cambridge,  Mass. 
Attn:  Mrs.  Lois  Seulowltz 
Technical  Librarian 

International  Business  Machines  Corp. 

Military  Products  Division 

590  Madison  Avenue 

New  York  33,  New  York 

Attn:  Mr.  C.F.  McElwaln,  General  Manager 

International  Business  Machines  Corp. 
Military  Products  Division 
Owego,  New  York 

Attn:  Mr.  D.  I.  Marr,  Librarian 
Department  li59 

International  Resistance  Company 
UOl  N.  Broad  Street 
Philadelphia  8,  Pa. 
Attn:   Research  Library 

Jansky  and  Bailey,  Inc. 
1339  Wisconsin  Avenue,  N.  W. 
Washington  7,  D.  C. 
Attn:  Mj.  Delmer  C.  Ports 

Dr.  Henry  Jaslk,  Consulting  Engineer 
298  Shames  Drive 
Brush  Hollow  Industrial  Park 
Westbury,  New  York 

Electromagnetic  Research  Corporation 
711  llith  Stl'eet,  N.  W. 
Washington  5,  D.  C, 
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Lockheed  Aircraft  Corporation 

2?S5  N.  Hollywood  Way 

California  Division  Engineering  Library 

Department  72-7?,  Plant  A-1,  Bldg.  63-1 

Bnrbank,  California 

Attnt  N.  C.  Harnois 

The  Martin  Company 

P.  0.  Box  179 

Denver  1,  Colorado 

Attn:  Mr,  Jack  McComilck 

The  Glenn  L.  Martin  Company 
Baltimore  3,  Maryland 
Attni  Engineering  Library 
Antenna  Design  Group 

Maryland  Electronic  Manufacturing  Corp. 
5009  Calvert  Road 
College  Park,  Maryland 
Attnt  Mr.  H.  Warren  Cooper 

Mathematical  Reviews 
190  Hope  Street 
Providence  6,  Rhode  Island 

The  W,  L.  Maxson  Corporation 

li60  West  lijth  Street 

New  York,  N.  T. 

Attn:  Miss  Dorothy  Clark 

McDonnell  Aircraft  Corporation 

Lambert  Saint-Louis  Municipal  Airport 

Box  S16,  St.  Louis  3,  Missouri 

Attn:  R.  D.  Detrlch,  Engineering  Library 

McMillan  Laboratory,  Inc. 

Brownville  Avenue 

Ipswich,  Massachusetts 

Attn:  Security  Officer.  Document  Room 

Melpar,  Inc.  (2) 

3000  Arlington  Boulevard 

Falls  Church,  Virginia 

Attn:  Engineering  Technical  Library 

Microwave  Development  Laboratory 
90  Broad  Street 
Babson  Park  57,  Massachusetts 
Attn:  N.  Tucker,  General  Manager 

Microwave  Radiation  Company  Inc. 

19223  South  Hamilton  Street 

Gardena,  California 

Attn:  Mr.  Morris  J.  Ehrlloh,  Pi-esident 

Chance  Vought  Aircraft,  Ino. 
9311  West  Jefferson  Street 
Dallas,  Texas 
Attn:  Mr.  H.  S.  White,  Librarian 

Northrop  Aircraft,  Inc. 
Hawthorne,  California 

Attn:  Mr.  E.  A.  Freitas,  Library  DeptJlliS 
1001  E.  Broadway 

Remington  Rand  Univ.  -  Division  of  Sperry 

Rand  Corporation 
1900  West  Allegheny  Avenue 
Philadelphia  29,  Pennsylvania 
Attn:  Mr.  John  F.  McCarthy 

H  and  D  Sales  and  Contracts 

North  American  Aviation,  Inc. 
12211i  Lakewood  Boulevard 
Downey,  California 
Attn:  Engineering  Library  U95-115 

North  American  Aviation,  Inc. 
Los  Angeles  International  Airport 
Los  Angeles  hS,   California 
Attn:  Engineering  Technical  File 

Page  CommunlcBtlons  Engineers,  Inc. 
710  Fourteenth  Street,  Northwest 
Washington  5,  D.  C, 
Attn:  Librarian 

Philco  Corporation  Research  Division 

Branch  Library 

!i700  Wissachickon  Avenue 

Philadelphia  UU,  Pa. 

Attn:  Mrs.  Dorothy  S.  Collins 


Pickard  and  Bums,  Inc. 

2ljO  Highland  Avenue 

Needhan  9k,   Mass. 

Attn;  Dr.  J.  T.  DeBettencourt 

Polytechnic  Research  and  Development 

Company,  Inc. 

202  Tillary  Street 

Brooklyn  1,  New  York 

Attn:  Technical  Library 

Radiation  Engineering  Laboratory 
Main  Street 
Maynard,  Mass. 
Attn:  Dr.  John  Ruze 

Radiation,  Inc. 

P.  0.  Drawer  37 

Melbourne,  Florida 

Attn:  Technical  Library,  Mr.  M.L.  Cox 

Radio  Corp.  of  America 

RCA  Laboratories 

Rocky  Point,  New  York 

Attn:  P.  S.  Carter,  Lab.  Library 

RCA  Laboratories 
David  Sarnoff  Research  Center 
Princeton,  New  Jersey 
Attn:  Miss  Fern  Cloak,  Librarian 
Research  Library 

Radio  Corporation  of  America 
Defense  Electronic  Products 
Building  10,  Floor  7 
Camden  2,  New  Jersey 
Attnt  Mr.  Harold  J.  Schrader 

Staff  Engineer,  Organization 

of  Chief  Technical 

Administrator 

The  Ramo-Wooldridge  Corporation 
P.O.  Box  !iSl453  Airport  Station 
Los  Angeles  Ii5,  California 
Attn:  Margaret  C.  Whltnah, 
Chief  Librarian 

Hoover  Microwave  Co. 
9592  Baltimore  Avenue 
College  Park,  Marvland 

Director,  USAF  Project  RAND 

Via:  Air  Force  Liaison  Office 

The  Rand  Corporation 

1700  Main  Street 

Santa  Monica,  California 

Rantec  CoiTJoration 

Calabasas,  California 

Attn:  Grace  Keener,  Office  Manager 

Raytheon  Manufacturing  Company 
Missile  Systems  Division 
Bedford,  Mass. 
Attn:  Mr.  Irving  Goldstein 

Raytheon  Manufacturing  Company 
Wayland  Laboratory,  State  Road 
Wavland,  Mass. 
Attn:  Mr.  Robert  Borts 

Raytheon  Manufacturing  Comcany 
Wayland  Laboratory 
Wayland,  Mass. 

Attn:  Miss  Alice  G.  Anderson, 
Librarian 

Republic  Aviation  Corporation 
Farmingdale,  Long  Island,  N.  Y, 
Attn:  Engineering  Library 

Thru:  Air  Force  Plant  Representative 
Republic  Aviation  Corp. 
Farmingdale,  Long  Island,  N,Y. 

Rheem  Manufacturing  Company 
9236  East  Hall  Road 
Downey,  California 
Attn:  J.  C.  Joerger 

Trans-Tech,  Inc. 
P.  0.  Box  3I46 
Frederick,  Maryland 


Hyan  Aeronautical  Company 
Lindbergh  Field 
San  Diego  12,  California 
Attnt  Librar-'  -  unclassified 

Sage  Laboratories 
159  Linden  Street 
Wellesley  81,  Mass. 

Sanders  Associates 
95  Canal  Street 
Nashua,  New  Hampshire 
Attn:  N.  R.  Wild,  Ubrary 

Sandia  Corporation,  Sandia  Base 

P.O.  Box  5900,  Albuquerque,  New  Mexico 

Attn:  Classified  Document  Division 

Sperry  Gyroscope  Company 

Great  Neck,  Long  Island,  New  York 

Attn:  Florence  W.  TumbuH,  Engr.  Librarian 

Stanford  Research  Institute 

Menlo  Park,  California 

Attnt  Library,  Engineering  Division 

Sylvanla  Electric  Products,  Inc. 
100  first  Avenue 
Waltham  51t,  Mass. 

Attn:  Charles  A.  Thornhill,  Report  Librarian 
Walthan  Laboratories  Library 

Systems  Laboratories  Corporation 
lL''52  Ventura  Boulevard 
Sherman  Oaks,  California 
Attn:  Donald  L.  Margerum 

TRG,  Inc. 

17  Union  Square  West 

New  York  3,  N.  Y. 

Attn:  M.  L.  Henderson,  Librarian 

A.  S.  Thomas,  Inc. 

161  Devonshire  Street 

Boston  10,  Mass. 

Attn:  A.  S.  Thomas,  President 

Bell  Telephone  Laboratories 
Murray  Hill 
New  Jersey 

Chu  Associates 

P.  0.  Box  387 
Whitcomb  Avenue 
Littleton,  Mass. 

Microwave  Associates,  Inc. 
Burlington,  Mass. 

Raytheon  Manufacturing  Companv 
Missile  Division 
Hartwell  Hoad 
Bedford,  Mass. 

Radio  Corporation  of  America 
Aviation  Systems  Laboratory 
225  Crescent  Street 
Waltham,  Mass. 

Lockheed  Aircraft  Corporation 
Missile  Systems  Division  Hesearch  Library 
Box  50U,  Sunnyvale,  California 
Attn:  Miss  Eva  Lou  Robei^son, 
Chief  Librarian 

The  Rand  Corporation 
1700  Main  Street 
Santa  Monica,  California 
Attn:  Dr.  W.  C.  Hoffman 

Commarrter 

AF  Office  of  Scientific  Research 

Air  Research  and  Development  Command 

lUth  Street  and  Constitution  Avenue 

Washington,  D.  C. 

Attn:  Mr.  Otting,  SRY 

Westinghouse  Electric  Corp. 
Electronics  Division 
Friendship  Int '1  Airport  Box  7)t6 
Baltimore  3,  Marvland 
Attn:  Engineering  Library 
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Wheeler  Laboratories,  Inc. 
122  Cutter  Mill  Road 
Great  Neck,  New  York 
Attn:  Mr.  Harold  A.  Wheeler 

Zenith  Plastics  Co. 
Box  91 

r.ardena,  California 
Attn:  Mr.  S.  S.  Oleegky 

Library  Geophysical  Institute 
of  the  University  of  Alaska 
College 
Alaska 

University  of  California 

Berkeley  U,   California 

Attn:  Dr.  Samuel  Silver, 

Prof.  Engineering  Science 
Division  of  Elec.  Eng.  Electronics 
Research  Lab. 

University  of  California 
Electronics  Research  Lab. 
332  Cory  Hall 
Berkeley  li,  California 
Attn:  J.  R.  Whinnery 

California  Institute  of  Technology 
Jet  Propulsion  Laboratory 
U800  Oak  Grove  Drive 
Pasadena,  California 
Attn:  Mr.  I.  E.  Newlan 

California  Institute  of  Technology 
1201  E.  Calif  omi  a  Street 
Pasadena,  California 
Attn:  Dr.  C.  Papas 

Carnegie  Institute  of  Technology, 
Schenley  Park 

Pittsburgh  13,  Pennsylvania 
Attn;  Prof.  A.  E.  Heins 

Cornell  University 

School  of  Electrical  Engineering 

Ithaca,  New  York 

Attn:  Prof.  G.  C.  Dalman 

I'niverslty  of  Florida 

Department  of  Electrical  Engineering 

Gainesville,  Florida 

Attn:  Prof.  M.  H.  Latour,  Library 

Library 

Georgia  Institute  of  Technology 

Engineering  Experiment  Station 

Atlanta,  Georgia 

Attn:  Mrs.  J.H.  Crosland,  Librarian 

Harvard  University 

Technical  Reports  Collection 

Gordon  McKay  Library,  303A  Pierce  Hall 

Oxford  Street,  Cambridge  3",  Mass. 

Attn:  Mrs.  E.L.  Hufschmidt,  Librarian 

Harvard  College  Observatory 
60  Garden  Street 
Cambridge  39,  Mass. 
Attn:  Dr.  Fred  L.  Whipple 

University  of  Illinois 
Documents  Division  Library 
Urbana,  Illinois 

University  of  Illinois 
College  oir  Engineering 
Urbana,  Illinois 

Attn:  Dr.  P.  E.  Moyes,  Department  of 
Electrical  Engineering 

The  Johns  Hopkins  University 
Homewood  Campus 
Department  of  Physics 
Baltimore  18,  Maryland 
Attn:  Dr.  Donald  E.  Kerr 

Sandia  Corporation 
Attn:  Organization  lli23 
Sandia  Base 
Albuiuerque,  New  Mexico 


Applied  Physics  Laboratory 
The  Johfls Hopkins  University 
8621  Georgia  Avenue 
Silver  Spring,  Maryland 
Attn:  Mr.  George  L.  Seielstad 

Massachusetts  Institute  of  Technology 

Research  Laboratory  of  Electronics 

Room  203-221 

Cambridge  39,  Massachusetts 

Attn:  John  H.  Hewitt 

Massachusetts  Institute  of  Technology 

Lincoln  Laboratory 

P.  0.  Box  73 

Lexington  73,  Mass. 

Attn:  Document  Room  A-229 

University  of  Michigan 
Electronic  Defense  Group 
Engineering  Research  Institute 
Ann  Arbor,  Michigan 
Attn:  J.  A.  Boyd,  Supervisor 

University  of  Michigan 
Engineering  Research  Institute 
Radiation  Laboratory 
Attn:  Prof.  K.  K.  Siegel 
912  N.  Main  St., 
Ann  Arbor,  Michigan 

University  of  Michigan 
Engineering  Research  Institute 
Willow  Run  Laboratories 
Willow  Run  Airport 
Ypsilantl,  Michigan 
Attn:  Librarian 

University  of  Minnesota 

Minneapolis  lU,  Minnesota 

Attn:  Mr.  Robert  H.  Stumra,  Library 

Northwestern  University 
Microwave  Laboratories 
Evanston,  Illinois 
Attn:  R.  E.  Beam 

Ohio  State  University  Research  Found. 
Ohio  State  University 
Columbus  10,  Ohio 
Attn:  Dr.  T.E.  Tlce 

Dept.  of  Elec.  Engineering 

The  UnlTersity  of  Oklahoma 
Research  Institute 
Norman,  Oklahoma 

Attn:  Prof.  C.  L.  Farrar,  Chairman 
Electrical  Engineering 

Polytechnic  Institute  of  Broo^lim 

Microwave  Research  Institute 

55  Johnson  Street 

Brooklyn,  New  York 

Attn:  Dr.  Arthur  A.  Oliner 

Polytechnic  Institute  of  Brooklyn 
Microwave  Research  Institute 
55  Johnson  Street 
Brooklyn,  New  York 
Attn:  Mr.  A.  E.  Laemmel 

Syracuse  University  Research  Institute 
Collendale  Campus 
Syracuse  10,  New  York 
Attn:  Dr.  C.  S.  Grove,  Jr. 

Director  of  Engineering  Research 

The  University  of  Texas 
Elec.  Engineering  Research  Laboratory 
P.  0.  Box  8026,  University  Station 
Austin  12,  Texas 
Attn:  Mr.  John  R.  Gerhardt 
Assistant  Director 

The  University  of  Texas 

Defense  Research  Laboratory 

Austin,  Texas 

Attn:  Claude  W.  Horton,  Physics  Library 

University  of  Toronto 

Department  of  Electrical  Engineering 

Toronto,  Canada 

Attn:   Prof.  G.  Sinclair 


Lowell  Technological  Institute 
Research  Foundation 
P.  0.  Box  709,  Lowell,  Mass. 
Attn:  Dr.  Charles  R.  Mingins 

University  of  Washington 

Department  of  Electrical  Engineering 

Seattle  5,  Washington 

Attn:  G.  Held,  Associate  Professor 

Stanford  UnivBrsity 
Stanford,  California 
Attn:  Dr.  Chodorow 

Microwave  Laboratory 

Physical  Science  Laboratory 

New  Mexico  College  of  Agriculture 

and  Mechanic  Arts 

State  College,  New  Mexico 

Attn:  Mr.  H.  W.  Haas 

Brown  University 
Department  of  Electrical  Engineering 
Providence,  Rhode  Island 
Attn:  Dr.  C.  M.  Angulo 

Case  Institute  of  Technology 

Cleveland,  Ohio 

Attn:   Prof.  S.  Seeley 

Columbia  University 

Department  of  Electrical  Engineering 

HomingsidH  Heights 

New  York,  N.  Y. 

Attn:  Dr.  Schlesinger 

McGlll  University 

Montreal,  Canada 

Attn:  Prof.  0.  A.  Woonton 

Director,  The  Eaton  Electronics 

Research  Lab. 

Purdue  University 

Department  of  Electrical  Engineering 

Lafayette,  Indiana 

Attn:  Dr.  Schulta 

The  Pennsylvania  State  University 
Department  of  Electrical  Engineering 
University  Park,  Pennsylvania 

University  of  Pennsvlvanla 

Institute  of  Cooperative  Research 

3bO0  Walnut  Street 

Philadelphia,  Pennsylvania 

Attn:  Dept.  of  Electrical  Engineering 

University  of  Tennessee 
Ferris  Hall 
W.  Cumberland  Avenue 
Knoxville  16,  Tennessee 

Unlversitv  of  Wisconsin 
Department  of  Electrical  Engineering 
Madison,  Wisconsin 
Attn;  Dr.  Scheibe 

University  of  Seattle 

Department  of  Electrical  Engineering 

Seattle,  Washington 

Attn:  Dr.  D.  K.  Reynolds 

Wayne  University 

Detroit,  Michigan 

Attn:  Prof.  A.  F.  Stevenson 

Electronics  Research  Laboratory 
Illinois  Institute  of  Technology 
3300  So.  Federal  Street 
Chicago  16,  Illinois 
Attn:  Dr.  Lester  C.  Peach 
Research  Engineer 

Advisory  Group  on  Electronic  Parts 

Room  103 

Moore  School  Building 

200  South  33rd  Street 

Philadelphia  h,    Pennsylvania 
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Ionosphere  Research  Laboratory 

Pennsylvania  State  College 

State  College,  Pennsylvania 

ATTNt  Professor  A.  H.  Waynlck,  Director 


Institute  of  Mathematical  Sciences 
25  Waverly  Place 
New  York  3,  New  York 
ATTN:  Librarian 

Electronics  Division 
Rand  Corporation 
1700  Main  Street 
Santa  Monica,  California 
ATTN  I  Dr.  Robert  Kalaba 

National  Bureau  of  Standards 

Washington,  D.  C. 

ATTMt  Dr.  W.  K.   Saunders 


Applied  Mathematics  and  Statistirs  Lab. 

Stanford  University 

Stanford,  aiifomia 

ATTN:  Dr.  Albert  H.  Bowker 

Department  of  Physics  and  Astronomy 
Michigan  State  College 
East  Lansing,  Michigan 
ATTN:  Dr.  A.  Leitner 

Dniversitv  of  Tennessee 
Knorvllle,  Tennessee 
ATTN:  Dr.  Fred  A.  Flcken 

Lebanon  Valley  College 
Annvllle,  Pennsylvania 
ATTN:  Professor  B.H.  Bisslnger 

General  Atomic 

P.  0.  Box  608 

San  Diego  12,  California 

Attn:   Dr.  Edward  Gerjuoy 

Department  of  Physics 
Amherst  College 
Amherst,  Mass. 
ATTN:  Dr.  Arnold  Arons 

California  Institute  of  Technology 
1201  E.  California  Street 
Pasadena,  California 
ATTN:  Dr.  A.  Erdelyi 

Mathematics  Depertment 

Stanford  University 
Stanford,  California 
ATTN:  Dr.  Harold  Levins 

University  of  Minnesota 

Minneapolis  Ih,   Minnesota 

ATTN:  Professor  Paul  C.  Rosenbloom 

Department  of  Mathematics 

Stanford  University 

Stanford,  California 

ATTN:  Professor  Bernard  Epstein 

Applied  Physics  Laboratory 
The  JohnP  Hopkins  University 
8621  Georgia  Avenue 
Silver  Spring,  Maryland 
ATTN;  Dr.  B.  S.  Oourary 

(2)Exchange  and  Gift  Division 
The  Library  of  Congress 
Washington  25,  D.  C, 

Electrical  Engineering  Department 
Massachusetts  Institute  of  Technology 
Cambridge  39,  Mass. 
ATTN!  Dr.  L.  J.  Chu 

Nuclear  Developnent  Associates,  Inc. 

5  New  Street 

White  Plains,  New  York 

ATTN:  Library 

California  Institute  of  Technology 
Electrical  Engineering 
Pasadena,  California 
ATTN:  Dr.  Zohrab  A.  Kaprielian 
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Dr.  Rodman  Doll 
311  W.  Cross  Street 
Ypsilantl,  Michigan 

California  Inst,  of  Technology 
Pasadena,  California 
ATTN:  Mr.  Calvin  Wilcox 

Mr.  Robert  Brockhurst 

Woods  Hole  Ooeanographic  Institute 

Woods  Hole,  Mass. 

National  Bureau  of  Standards 
Boulder,  Colorado 
ATTN:  Dr.  R.  Gallet 

Dr.  Solomon  L.  Schwebel 

3689  Louis  Road 

Palo  Alto,  California 

University  of  Minnesota 
The  University  of  Library 
Minneapolis  lb,  Minnesota 
ATTN:  Exchange  Division 

Department  of  Mathematics 
University  of  California 
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